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It is shown that a multidimensional Markov process which is Euclidean 
invariant and so that the translation group acts ergodically is a constant. This 
is a (Euclidean) counterpart of a theorem by Wightman [6] and is inspired by 
the work of Nelson [l]. 
1. INTRODUCTION 
Nelson introduced in [l] the concept of a Markov field. If X 
is a topological vector space, a generalized stochastic process is a 
stochastic process indexed by 9 which is linear and continuous on X. 
If .T = .9(P) or =9’(P), d > 2, then a natural Markov property 
can be formulated: Let rl be an open set in Ra, ,X4 be the o-algebra 
generated by all Q(f) with f~ 9(Rd) (or Y'(Rd)), and suppf C (1. 
If A is closed we take ZA to be n Zu with the intersection taken over 
all open U containing (1. Conditional expectations with respect to 
.ZA are denoted by E{* ] ZA}. 
A Markov field on Rd (or generalized Markov process) is a gen- 
eralized stochastic process on B(Rd) such that 
whenever u is a positive or integrable variable in ZA. Here A is 
an open set in R d, AC is the complement and &l the boundary of fl. 
(1) is called Markov property (see [l]). We remark that a Markov 
property for generalized stationary stochastic processes was introduced 
and studied some times ago by Urbanik [2] using spectral theory 
of generalized stationary processes (see [3, 41). 
Actually the generalized (multidimensional) Markov process we 
have described above is not really a generalization of the Markov 
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process but rather generalizes high-order Markov processes. The 
study of generalized Markov processes is motivated by research 
in quantum field theory and statistical mechanics (for a recent review, 
see [5]). 
There are two points we want to emphasize about the generalized 
Markov processes introduced above: (a) they are multidimensional 
(d 3 2); 
(b) they are high order (indexed by B(P) or 9’(P)) i.e., 
they are generalized processes. 
There are important samples of such processes Gaussian and 
non-Gaussian which in addition are Euclidean invariant and such 
that the translation group acts ergodically on the underlying proba- 
bility space [I]. Among these processes the non-Gaussian ones are 
especially important because they describe physical interactions. 
We would like to show here that a Markov (but not generalized!) 
multidimensional process which is Euclidean invariant and such that 
the translation group acts ergodically is trivial, i.e., equals a constant. 
This is a Euclidean version of a theorem by Wightman [6]. We use 
methods similar to Nelson [I] ( see also the book by Simon [5]). 
2. MULTIDIMENSIONAL MARKOV PROCESSES 
Let (Q, Z, p) be a probability space. We define a multidimensional 
stochastic process index by Rd(d > 2) to be a map di, = Q(x) from 
Rd to the set of random variables on the probability space (D, 2, p). 
For convenience we assume that {Q(X) 1 x E R”) is full in the sense 
of [5]. For /1 C Rd, we denote by ZA the u-algebra generated by 
Q(x), x = (Xl ,..., xd) E fl. We formulate the Markov property as 
follows. For (1 C Rd open we have 
where E{- / *} is the conditional expectation and u is a positive or 
integrable random variable in zl, . 
We put now some symmetry properties on our multidimensional 
process. Consider the Euclidean group (the inhomogeneous orthogonal 
group, i.e., the group of all nonsingular inhomogeneous linear 
transformations which preserve 1) x - y I/ = (X - y)(x - y)). A 
representation T of the Euclidean group on the probability space 
[I, 5J will be a homomorphism /I t-+ T, into the group of measure- 
preserving transformations so that 
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(a) For each U, v EL~(M, 2, dp), p I-+ J U(V 0 TB) dp is measur- 
able ((v 0 T@)(w) = n(Tgo), w E 9). 
(b) Euclidean covariance: 
We denote by U, the unitary representation of the Euclidean group 
on L(Q, Z, dp) induced by T,: 
From (a) it follows that the mapping ,8 t-t U, is strongly continuous 
[5], (we assume that L2(Q, Z, dp) is separable.) 
We now introduce some notations. Let x = (5, t) be a generic 
point in lid, f E: RRd-l, t E R. We will let Rae1 denote the distinguished 
hyperplane ((3,O)) in Rd and U, denote the unitaries associated to 
translation in the direction orthogonal to this plane. p will denote 
reflexion on this plane. Finally, let EA be the conditional expectation 
E{* j ZA>, E, = E+-l and LA2 = (f E L2(sZ, Z, dp) / f is Z4-measur- 
able), 8 = LRd--l . We have E, = iJIE,U;l where E, = E,t(Rd-l) 
and pt(Rd-l) is the translated Rd-l plane. We have 
THEOREM 1. Let P, = E,U,E, r S. Then (P, ) t > O> is a strongly 
continuous elf-adjoint contraction semigroup with P-, = P, so that 
for some positive self-adjoint operator H. 
Proof. The proof follows that of Nelson [l] (see also Simon [S]). 
We use in an essential way our multidimensional Markov property 
together with Nelson’s “reflexion property” which is easy to establish 
in our case because the hyperplane Rd-l is pointwise invariant 
under reflexion p and consequently U, leaves Ran E,, pointwise 
invariant. The “reflexion property” fails generally for Markov 
fields. An exception is the Gaussian process over the Sobolev space 
X,(R”) (see [I, 51). 
3. THE REGULARITY PROPERTY 
We introduce a regularity property on our stochastic processes. 
Let CD,,(X) = @(z, 0) which is 2 Rd 1 measurable. - - It defines by multi- 
plication a self-adjoint operator Q,,(x) on Z. We formulate now a 
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regularity property. Let us assume that there exists a point x,, E Rd 
such that @(x,,) EL~(Q, 27, &). By standard techniques it is easy 
to prove that in this case the Euclidean covariance implies that 
C.&(Z) is uniformly bounded (as multiplication operator in 2) and 
that Go(%) is continuous in x E Rd-l in the strong operator topology. 
The regularity property is violated by Gaussian processes (with the 
exception of trivial cases). 
4. THE MAIN RESULT 
Let x = (%, 7) E Rd, 5 E Rd-l, r E R. Now consider the operator 
t?(x) = ei’H@,(z) e-- 
and put I$ = f?(O)1 = Q,,(O)1 (1 E Z). Let 
We want to show that F(x) is continuous in x. We write 
F(x + h) - F(x) = (1, eyeih@@,(5 + b?) 6?-ih@ - q)(~)) ey/+ 
= (1) (eih”H@o(~ + h) e-ihOH - @&)xJ) 
= (1, q)(f + Q?-ihoH - I)@ 
+ (1, PC@ + 4 - @ll@M) 
where $ = e--isH# and 
We use now the fact that QO(% + h) is uniformly bounded and 
eiho*, h, E R is a strongly continuous group of operators in 2 to 
get the continuity of F(x) as function of x E Rd. Now let 
w(2)(x1, x2) = (1, e(x,) e,)o; Lx1 , x2 E Rd. 
Following Nelson [l], we get that ?Y’-(2)(x, , x2) is Poincart-invariant. 
We use translation invariance to write 
W’2’(x1 ) x2) = W’2’(x1 - x2) where YV”+C) = F(x@ 
= (1, @(x) w91) 
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which is continuous in x. On the other hand, F(x) is a positive definite 
function. Indeed 
z oliF(Xi - Xj) aj = 11 z c&q)1 112 >, 0 
for all sets of finite CQ’S and xi’s We apply now the Bochner theorem 
for continuous positive definite functions in order to get 
F(x) = j f+ps 40) 
where p is a positive Jinite Lorenz invariant measure on Rd. We 
apply now 
LEMMA. Every positive jinite Lorenz invariant measure in Rd has 
the form 
44P) = a VP) ddP”p, 
For a proof see [7] or [8]. 
We have then 
a > 0. 
F(x) = F(0) = a, i.e., ?V-(2)(x) = constant. 
Using ergodicity of the translation group on the underlying proba- 
bility space we get as in [I] the unicity of the invariant vacuum. 
An easy computation shows now (see, for instance, [7]) that e(x) = 
constant. This means @,,(a) = constant and therefore @p(x) = 
constant. Therefore we have: 
THEOREM 2. A multidimensional Markov process which is Euclidean 
invariant, satisfies the regularity property, and so that the translation 
group acts ergodically on the underlying probability space, is a constant. 
Now by passing from @j(x) to a new process Y(x) = arctan Q(x), 
we can remove the regularity property in Theorem 2. The general 
result is: 
THEOREM 3. A multidimensional Markov process which is Euclidean 
invariant and such that the translation group acts ergodically on the 
underlying probability space, is a constant. 
ACKNOWLEDGMENT 
The author is indebted to Professors B. Simon and J. Frijhlich for pointing out to 
him that once having Theorem 2, Theorem 3 is an easy consequence of it. A lot of 
38 CONSTANTINESCU AND THALHEIMER 
interesting results on multidimensional (multitime) Markov processes can be found 
in a paper by J. Frohlich, “Schwinger Functions and Their Generating Functionals II. 
Markovian and Physical Measures on Y’,” to appear in Advances in Mathematics 
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